Basis set convergence of correlation effects on molecular atomization energies beyond the CCSD (coupled cluster with singles and doubles) approximation has been studied near the one-particle basis set limit. Quasiperturbative connected triple excitations, (T), converge more rapidly than L −3 (where L is the highest angular momentum represented in the basis set), while higher-order connected triples, T 3 − (T ), converge more slowly -empirically, ∝ L −5/2 . Quasiperturbative connected quadruple excitations, (Q), converge smoothly as ∝ L −3 starting with the cc-pVTZ basis set, while the cc-pVDZ basis set causes overshooting of the contribution in highly polar systems. Higher-order connected quadruples display only weak, but somewhat erratic, basis set dependence. Connected quintuple excitations converge very rapidly with the basis set, to the point where even an unpolarized double-zeta basis set yields useful numbers. In cases where fully iterative CCSDTQ5 (coupled cluster up to connected quintuples) calculations are not an option, CCSDTQ(5) (i.e., coupled cluster up to connected quadruples plus a quasiperturbative connected quintuples correction) cannot be relied upon in the presence of significant nondynamical correlation, whereas CCSDTQ (5) 
I. INTRODUCTION possible, converged at the level of 0.01 kcal/mol where feasible.
The present paper reports such a study. It will also serve to provide additional theoretical support for the approximations inherent in the Wn [18, 19, 20, 21, 22] and HEAT [23, 24] families of computational thermochemistry protocols. Finally, the present study should also shed some light on the intrinsic limits to accuracy with present-day wave function-based ab initio techniques -even if we were to assume, for the sake of argument, that CCSD basis convergence is a solved problem.
II. COMPUTATIONAL METHODS
Most calculations reported in the present work were carried out on the Linux cluster of the Martin group, which consists of machines custom-built by Access Technologies of Reh . ovot, Israel. We relied very heavily on four machines in particular. All have 2 terabytes of highbandwidth scratch disk space (eight 250 GB Serial-ATA disks striped 8-way on a hardware RAID controller). Two of the machines have quadruple dual-core AMD Opteron 870 CPUs, the remaining two have dual quad-core Intel Cloverton CPUs at 2.66 GHz. One of these latter machines has 32 GB of RAM, the remaining three have 16 GB. Some calculations were carried out at the University of Warwick, using Opteron-based systems.
The CCSD(T) calculations with the aug-cc-pV7Z basis set [26, 27] -which contains up to k functions -were carried out using both PSI 3.3.0 [28] at Weizmann, and a locally modified version of DALTON 2.0 [29] at Warwick. CCSD(T) calculations in smaller basis sets were carried out using MOLPRO 2006.1 [30] for closed-shell cases, and the Austin-Mainz-Budapest version of ACES II [31] for open-shell cases. All post-CCSD(T) calculations were carried out using an OpenMP parallel version of Kállay's general coupled cluster code MRCC [32] interfaced to the Austin-Mainz-Budapest version of the ACES II [31] program system. Unless specifically noted otherwise, unrestricted Hartree-Fock references were used for open-shell systems, and CCSD(T)/cc-pV(Q+d)Z reference geometries were taken from Ref. [18] .
All basis sets employed, except for the unpolarized Dunning-Hay double zeta (DZ) basis set [33] employed for some post-CCSDTQ contributions, belong to the correlation consistent family of Dunning and coworkers [34, 35, 36, 37] .
The following basis set extrapolations were considered: (a) the simple two-point A+B/L 3 4 expression of Halkier et al. [7] , which is rooted in the partial-wave expansion of singlet-coupled pair energies in helium-like atoms [4, 5, 6] and is used extensively in both the Wn [18, 19, 22] and HEAT [23, 24] families of computational thermochemistry protocols; (b) Schwenke's empirical two-point extrapolation formulas [10] , which are equivalent to A + B/L α with an empirical extrapolation exponent α; (c) three-point linear extrapolation formulas of the type A + B/L 3 + C/L 4 and A + B/L 3 + C/L 5 , similar to those first proposed in Ref. [9] .
(We also considered the variable-exponent three-point formula A + B/L C , not as an actual extrapolation -as it is not size-consistent -but use the 'effective decay exponent' obtained as a probe for effective convergence rate, similar to Ref. [25] .)
III. RESULTS AND DISCUSSION

A. Quasiperturbative triple excitations, (T)
Extrapolated contributions of "parenthetical" triples to the total atomization energy are given in Table I . In a number of cases, we were able to reach as far as aug-cc-pV7Z basis sets (AV7Z for short).
In the following discussion, the notation AV{L-1,L}Z, for instance, will indicate A+B/L α (α = 3) extrapolation from aug-cc-pV(L−1)Z and aug-cc-pVLZ basis sets, unless specifically indicated otherwise. PV{L-1,L}Z stands for the same extrapolation, but from regular ccpVL − 1Z and cc-pVLZ basis sets.
Comparison of AV{5,6}Z and AV{6,7}Z data reveals that, with the exception of singlet C 2 (0.007 kcal/mol), the extrapolated contributions are converged to better than 0.005 kcal/mol.
The extrapolated AV{T,Q}Z data are in surprisingly good agreement with our best limits.
(This extrapolation is used for the (T) contribution in W2, W3, and W3.2 theory, as well as in HEAT345.) It is perhaps not coincidental (see below) that Schwenke's extrapolation formula for AV{T,Q}Z basis sets is equivalent to an inverse power extrapolation with exponent α=2.99882, which is only semantically different from α=3.
In contrast, the AV{Q,5}Z expression used in W4, W4.2, and W4.3 theory tends to slightly overestimate the basis set limit contribution, by amounts ranging from 0.05 kcal/mol in C 2 via 0.03 kcal/mol in N 2 , B 2 , and CO and 0.02 kcal/mol in O 2 , F 2 , and H 2 O to less than 5 0.01 kcal/mol in HF. Comparison of AV{Q,5}Z, AV{5,6}Z, and AV{6,7}Z limits suggests that starting with AVQZ basis sets, α=3 extrapolation approaches the basis set limit from above (in absolute value), i.e., that convergence is faster than α=3. This behavior was previously noted by Crawford et al. [16] . (For the AV{5,6,7}Z basis sets and the and C 2 , SchwenkeAV{Q,5}Z basically gets the basis set limit spot-on, while it tends to be slightly low for other systems. SchwenkeAV{5,6}Z is equivalent to α = 3.22788, and agrees with the available AV{6,7}Z limit data to within 0.003 kcal/mol RMS (root-mean-square), compared to 0.009 kcal/mol for SchwenkeAV{Q,5}Z and 0.006 kcal/mol (0.004 excluding S 2 ) for the regular AV{5,6}Z extrapolation.
Finally, we considered a three-point
too seems to behave well, albeit with a tendency to slightly undershoot the available AV{6,7}Z limits. AV{5,6,7}Z and AV{6,7}Z agree to within 0.007 kcal/mol RMS (0.004 kcal/mol excluding S 2 ).
We conclude that the regular α = 3 extrapolation is appropriate for AV{T,Q}Z and probably AV{5,6}Z basis set pairs, but that Schwenke's extrapolation (equivalent to α = 3.60183) is more appropriate for the AV{Q,5}Z pair. For the AV{5,6}Z pair, Schwenke's expression (equivalent here to α = 3.22788) appears to be as reliable as α = 3 or may be slightly more so -the difference is too close to call.
We also would like to stress that Schwenke's exponents are themselves the result of a fit, and that effective exponents for his seven individual species (reverse-engineered for the present work) reveal a considerable spread. In our opinion, obtaining the (T) contribution converged to 0.01 kcal/mol using a two-point extrapolation from spdf gh and spdf ghi basis sets appears to be feasible.
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B. Higher-order connected triple excitations
Extrapolated contributions of higher-order connected triples, T 3 − (T ), to the total atomization energy are given in Table II .
We have PV{5,6}Z data available for a limited number of systems. Comparison with their PV{Q,5}Z counterparts reveals convergence to better than 0.01 kcal/mol, and suggests than the PV{Q,5}Z numbers are very close to the basis set limit.
Even from PV{D,T}Z basis sets (as used in W4 and W4.2 theory), useful estimates can apparently be obtained, with the notable exceptions of B 2 and, to a lesser extent, singlet
The PV{T,Q}Z numbers, however, reveal that convergence in this basis set size regime is actually slower than α = 3. (The PV{T,Q}Z basis set pair is used for this contribution in the HEAT approach as well as in W4.3 theory.) Fitting against either the PV{Q,5}Z or the available PV{5,6}Z limits suggests an effective α = 2.5. On purely empirical grounds, we recommend this for extrapolation of the T 3 − (T ) term from the PV{T,Q}Z basis set pair.
C. Parenthetical connected quadruple excitations
Raw and extrapolated contributions of parenthetical quadruples to the total atomization energy -as obtained using the CCSDT(Q) method as defined in Ref.
[38] and implemented in Ref.
[39] -are given in Table III .
In highly polar systems like H 2 O, HF, OH, and BF, the cc-pVDZ basis set appears to overshoot the contribution: even in such cases, basis set convergence for (Q) is however monotonic from cc-pVTZ onwards. In other systems, convergence is monotonic from ccpVDZ onwards.
Our best available data are PV{Q,5}Z extrapolations. Comparison of PV{T,Q}Z and PV{Q,5}Z data reveals that they agree very well with each other, the largest discrepancies being 0.015 kcal/mol for P 2 and Cl 2 , followed by 0.01 kcal/mol for C 2 and 0.007 kcal/mol for BN. This in turn suggests that basis set convergence, from cc-pVTZ onwards, is well described by the singlet partial-wave formula A + B/L 3 . In contrast, PV{D,T}Z extrapolations fare poorly (as previously reported [22] ), the cc-pVDZ basis set being simply too anemic. The inadequacy of cc-pVDZ is not limited to overshooting in the highly polar systems, but extends to severe undershooting in the second-row molecules.
The A+B/L 3 convergence we observe for the (Q) contribution is not obvious and deserves some attention. Our (perhaps naive) rationalization is based on our analysis of the size of As was shown previously [18] , the cc-pVTZ numbers multiplied by an empirical scaling factor of 1.1 (as used in W4 theory [18] ) agree quite well with the basis set limit estimates available. Could one come up with a solution that is more reliable than cc-pVDZ yet less costly than scaled cc-pVTZ? It was noted before [22] Finally, we note that brute-force convergence to 0.1 kcal/mol requires at least cc-pVQZ basis sets, and that brute-force convergence to 0.01 kcal/mol will probably require at least a cc-pV6Z basis set.
D. Higher-order connected quadruple excitations
It was suggested before [18] , based on data up to cc-pVTZ, that higher-order connected quadruple excitations, T 4 − (Q), converge rapidly with the basis set. In the present work, we were able to go out to cc-pVQZ for a number of species. Results are summarized in Table IV .
It can be seen there that variation between cc-pVQZ, cc-pVTZ, and scaled cc-pVDZ amounts to a few hundredths of a kcal/mol at most, even for such pathologically multireference systems as singlet C 2 [43] and singlet BN [44] . No clear way of extrapolating or correcting these data can be seen, and it should be noted that even the O 2 and S 2 CCSDTQ/cc-pVQZ calculations strained our available computational resources to the very limit.
The T 4 − (Q) contribution uniformly reduces the atomization energy, and its absolute magnitude is roughly proportional to the degree of nondynamical correlation, varying from essentially nil in cases like HF and H 2 O via about 0.1 kcal/mol for systems like CO, O 2 , F 2 , and P 2 to over 1 kcal/mol for the singlet states of C 2 and BN. One would expect a contribution that primarily expresses nondynamical correlation effects to exhibit weak basis set dependence -as we indeed observe.
We considered still further reduction of the basis set to a simple unpolarized double-zeta (DZ) set. Performance then becomes very uneven, however, and the same holds for the cc-pVDZ basis set with the polarization functions removed.
E. Connected quadruples considered as a whole
Let us now consider all of T 4 together. Results are summarized in the upper pane of Table V .
It can be seen here that achieving convergence to within a few hundredths of a kcal/mol is quite feasible, but that anything beyond that will be a very arduous task. The W4 combo [18] -PVTZ for (Q), PVDZ for T 4 − (Q), both scaled by 1.1 -overall sacrifices fairly little accuracy for drastic cost savings. The most problematic first-row system appears to be B 2 , for which an overestimate by 0.08 kcal/mol is seen. Our limited secondrow data include some significant differences (0.07 kcal/mol for P 2 , 0.10 kcal/mol for S 2 , and 0.08 kcal/mol for Cl 2 ), and illustrate why it is desirable, where feasible, to 'walk the extra mile' for W4.3 calculations on second-row systems.
In HEAT345(Q) [24] and W4lite [18] , higher-order quadruples are neglected entirely, and parenthetical quadruples approximated by a simple CCSDT(Q)/cc-pVDZ calculation. This works better than it has any right to, in fact, but significant errors arise for highly multireference systems as well as those for which the bonding is highly polar, and for secondrow compounds. The latter two issues reflect the limitations of the cc-pVDZ basis set. As for the former issue, Stanton and coworkers have argued [24, 38, 45] that the CCSDT(Q) method should in fact benefit from an error cancellation between higher-order quadruples contributions and the complete neglect of quintuple excitations. This comparison has been made in the lower pane of Table V . We see there that this error cancellation holds rather well in some cases like C 2 , but much less so in cases like B 2 . Substituting the ANO431 basis set improves agreement for the highly polar systems. It has been shown elsewhere [46] that the HEAT345(Q)/W4lite type approximation can also lead to very significant errors (up to 0.5 kcal/mol for CS) in second-row systems, and we found here that substituting ANO431 affords no succor for those either. Quite simply put, cc-pVDZ is too limited a basis set to universally and reliably capture quadruple excitation effects.
F. Connected quintuples
The limiting basis set dependence of CCSDTQ5 calculations is O(n 5 N 7 ) (where n is the number of electrons and N the number of basis functions), and therefore extended basis set CCSDTQ5 calculations quickly become intractable. Fortunately, as seen in Table VI In only five cases were we able to go out to cc-pVTZ -HF,
, and N 2 -and in this latter case, the calculation was only barely feasible on the available hardware. For BN and C 2 , the PVDZ-PVTZ differences are 0.03 and 0.02 kcal/mol, respectively; for the remaining systems they are 0.01 kcal/mol or less.
Predictably, the only systems for which one finds chemically significant connected quintuples contributions are those with appreciable nondynamical correlation.
In contrast to the case of T 4 -where CCSDT(Q) is exceedingly usefulparenthetical quintuples, CCSDTQ (5) Can the calculation of connected quintuples be avoided entirely? Feller and Peterson [11] suggest estimating the contributions beyond CCSDTQ by means of Goodson's continued fraction expression [47] . We attempted both this and a simple geometric extrapolation,
, where E FCI denotes the full CI energy. Both expressions have similar (limited) predictive power: sometimes (e.g., C 2 ) they predict T 5 contributions surprisingly well, sometimes (e.g., F 2 ) they overestimate them by half an order of magnitude. We also considered both expressions for the contribution of connected sextuple excitations, T 6 , and there we found both expressions to be of similar quality as explicit CCSDTQ5(6)/DZ or CCSDTQ56/DZ calculations.
G. Parenthetical triples in core-valence correlation
The contribution of parenthetical triples to the core-valence correlation energy may be small in absolute terms, but it is chemically quite significant in relative terms (molecule vs. separate atoms) -and indeed, it has been shown in the past [19] that as much as half of the core-valence contribution in total atomization energies can derive from parenthetical triples.
Basis set convergence for this contribution is summarized in Table VII . As can be seen there, this contribution is nearly saturated at the ACV{T,Q}Z level (as used in the W4 family), and the distance from the basis set limit is on the order of 0.01 kcal/mol or less.
contribution is obtained at the CCSDT/cc-pwCVTZ level. In Table VIII, we consider This contribution, too, almost universally increases molecular binding (PH 3 being the only real exception).
I. General observations and W4.4 theory
In the preceding discussions we have focussed in detail on the many individual contributions. We now step back and take a broader view.
First, many of the post-W4.3 correlation contributions are in the 0.1 kJ/mol (0.024 kcal/mol) or above range, and their explicit calculation is simply too arduous a task because of the fierce CPU time scalings involved. As such, the prospects for 'brute force' calculation of atomization energies to 10 cm −1 seem quite bleak -even discounting such issues as small errors in the zero-point vibrational energy (see, e.g., Ref. [48] for an illustration), higher-order Born-Oppenheimer corrections, and higher-order relativistic corrections.
Second, and fortunately, a fair degree of mutual cancellation exists between the valence correlation improvements on one hand and inner-shell higher order triples on the other.
This being said, we here incorporate some of our findings in a new post-W4 method, to be known by the name W4.4 theory. Relative to W4.3 theory defined and discussed in Ref. [18] , the changes are the following:
• Either (variant a) the valence (T) contribution is extrapolated from AV{5,6}Z basis sets, or (variant b) Schwenke's extrapolation formulas are used for both the singlet-and triplet coupled CCSD pairs (effective exponents for AV{5,6}Z basis sets: α S = 3.06967 and α T = 4.62528) as well as for the valence (T) contribution, with AV{Q,5}Z basis sets (effective exponent 3.60183, see above).
• The T 3 − (T ) term is extrapolated using A + B/L 2.5 , following our observations above;
• A connected quadruples core-valence term is computed at the CCSDT(Q)/cc-pwCVTZ level;
• As it was found to be significant in Ref. [48] for systems with many hydrogen atoms, we add a correlation contribution to the diagonal Born-Oppenheimer correction [49, 50] .
We compute this at the CISD/cc-pVDZ level, which was shown in Ref. [48] and Cl 2 (-0.10 kcal/mol). In W4.4 theory, the discrepancies for C 2 H 2 and N 2 are cut by more than half, while Cl 2 stays in place thanks to a compensation between improving the valence triples (which decreases the binding energy, and this increases the discrepancy with experiment) and the inclusion of core-valence quadruples (which significantly increases the binding energy in this molecule with so many subvalence electrons). For the systems given in Table IX, especially for 2nd-row systems, the extra cost will be dwarfed by that of the core-valence (Q) calculation. Over the systems surveyed, variant (a) has a slightly larger maximum positive error than (b) (for C 2 H 2 ), but a slightly smaller maximum negative error (for Cl 2 ).
The size of the differences being considered here begs the question whether errors caused by imperfections in the reference geometry could not be of a similar magnitude. W4
theory specifies a CCSD(T)/cc-pV(Q+d)Z reference geometry, which should be well enough converged for the valence correlation contribution to the geometry. However, it has been known for some time [37, 54, 55, 56] that inner-shell correlation makes contributions to typical bond distances on the order of several milliangstroms, and that all-electron CCSD(T)
with the core-valence weighted cc-pwCVQZ basis set [37] (or the older Martin-Taylor core correlation basis set [54] ) typically yields bond distances within about a milliangstrom of experiment. We have recalculated the total atomization energies for the molecules in Table IX Another possible contribution that bears examining at this level of accuracy is secondorder spin-orbit coupling. For the heaviest system in our set (Cl 2 ) this was calculated using a multiconfigurational linear response treatment [58] as implemented in Dalton [29] and found to influence the atomization energy by considerably less than 0.01 kcal/mol.
An independent check is afforded by considering the scaling with the atomic number Z of the second-order spin-orbit contribution. For the rare-gas dimers Xe 2 and Rn 2 , Runeberg and Pyykkö calculated second-order spin-orbit contributions to D 0 of +0.7 and +4.5 meV, respectively, while de Jong and coworkers [60] reported contributions of +0.4 and +2.0 kcal/mol, respectively, for Br 2 and I 2 , and of +0.1 and +0.5 kcal/mol, respectively, for HBr and HI. These observations suggest approximate ∝ Z 4 scaling, which in turn suggests a second-order spin-orbit contribution to D 0 (Cl 2 ) of +0.02 kcal/mol. Its inclusion would actually improve agreement with experiment slightly for this system.
IV. CONCLUSIONS AND PERSPECTIVE
Basis set convergence of post-CCSD correlation effects has been studied near the one- Finally, is it possible to use current technology, brute force, to calculate molecular atomization energies at the 10 cm −1 level? Our findings suggest that the only realistic answer to this question is "no". However, the more modest goal of "3σ ≤ 1 kJ/mol" seems to be not only realistic, but eminently achievable with methods of the W4 family. [40] We should perhaps note here that this picture is inevitably a mixture of configurationinteraction thinking and coupled-cluster thinking. One might be tempted to think that "doubles out of doubles" would be well described in a CC picture by disconnected quadruples and will thus already be accounted for at the CCSD level. This picture is only appropriate where the wave function is dominated by a single reference configuration. In that case C 4 (the quadruple excitation operator in a single-reference CI formulation) will be dominated almost totally by the T 2 2 contribution. But in a case where the wave function is not dominated by a single reference configuration, C 4 will have a less straightforward structure in terms of CC amplitudes, and one has to expect the T 4 contribution to be larger, leading to a larger (Q) (and indeed full Q) energy contribution. Unaugmented cc-pVnZ basis sets used throughout on hydrogen.
C 2 and CO AV7Z data obtained using revised AV7Z basis set for carbon [27] .
Schwenke AV{T,Q}Z numbers are not given explicitly, as they are indistinguishable from the AV{T,Q}Z column.
aug-cc-pV(7+d)Z basis set for sulfur obtained by expanding even-tempered d series from aug-cc-pV7Z inward with one additional d. When using CCSD(T)/cc-pwCVQZ reference geometries (all electrons correlated except the 1s deep-core orbitals on second-row atoms), dissociation energies at all levels are found to go up by 0.03 kcal/mol for Cl 2 and SO, by 0.02 kcal/mol for C 2 H 2 , CO, and N 2 , by 0.01 kcal/mol for five additional molecules (namely, CH 4 , NH 3 , NO, O 2 , and ClF).
